(Received 2 September 2013; accepted 17 November 2013; published online 2 December 2013)
We propose a robust and reliable method of active mode locking of mid-infrared quantum cascade lasers and develop its theoretical description. Its key element is the use of an external ring cavity, which circumvents fundamental issues undermining the stability of mode locking in quantum cascade lasers. We show that active mode locking can give rise to the generation of picosecond pulses and phase-locked frequency combs containing thousands of the ring cavity modes. V C 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4838275] Generation of ultrashort pulses in mid-infrared quantum cascade lasers (QCLs) has proven to be challenging. The fast gain recovery essentially prohibits passive mode locking with a saturable absorber. Ultrashort and high-power pulses cannot be obtained by gain switching in the absence of relaxation oscillations; the observed duration of gain-switched pulses was limited to hundreds of picoseconds. 1 Although picosecond range pulses have been obtained in an actively modulated two-section QCL close to laser threshold, 2 active mode locking in monolithic Fabry-Perot lasers appears to be limited by inherent multimode instabilities of the QCLs. The multimode behavior originates from the spatial hole burning (SHB) inside the cavity, which leads to the formation of a transient population grating on the intersubband gain transition. This grating dissipates by carrier diffusion at a slower rate than the gain recovers, in contrast to bipolar semiconductor diode lasers. Scattering of the laser modes off the population grating leads to the proliferation of modes with uncorrelated phases, which destroys single-pulse operation and leads to a chaotic output. [2] [3] [4] The situation is more favorable in terahertz (THz) QCLs due to a longer gain recovery time. Active mode locking in THz QCLs was reported, e.g., in Refs. 5 and 6.
While the conditions for ultrashort pulse generation in mid-infrared QCLs are highly unfavorable, stable phase locking between laser modes is feasible. For example, Ref. 7 observed spectra with a narrow intermode beat and reported the evidence of stable phase locking between longitudinal modes. Phase-locked frequency combs in QCLs supporting several lateral modes were reported and theoretically modeled in Refs. 8-10. Theoretical studies 9,10 implicate weak waveguide dispersion, fast gain relaxation, and strong thirdorder resonant nonlinearity associated with the gain transition as the main reasons for stable phase locking. However, the resulting phase relationships between laser modes correspond to a frequency modulated signal with a quasi-constant intensity. 7 As expected, no stable pulses were observed in any of these studies.
The use of a unidirectional external ring cavity prevents the onset of the SHB multimode instability and facilitates active mode locking with stable ultrashort pulse operation. Furthermore, in external-cavity lasers, one can achieve a deep modulation of the gain and at the same time creates a very short gain window as compared to the round-trip time.
In monolithic QCLs, one has to apply gain modulation to a short section of the laser. 2 The resulting modulation depth will be low and will lead to mode locking only near threshold. In addition, a long external cavity has round-trip frequencies reduced from tens of gigahertz in monolithic QCLs to hundreds of megahertz, which is much more convenient for gain or loss modulation and makes it easy to incorporate additional optical elements or a gas cell inside the cavity.
We study theoretically the formation of picosecond midinfrared pulses by direct modulation of the gain in an external ring-cavity QCL (ERC-QCL). We show that active mode locking in ERC-QCLs results in robust, stable picosecond pulses, and phase-locked frequency combs at injection currents considerably above threshold. We establish the limits to the pulse duration and power for typical parameters of mid-infrared QCLs. Although there is a tradeoff between the pulse duration and power, the shortest pulses can be further amplified outside the laser cavity or used in spectroscopy applications that do not require high power.
The unidirectional lasing on ring-cavity modes in QCLs has been recently demonstrated in both a monolithically integrated design 11 and a bow-tie external cavity. 12 Here, we consider a generic external ring cavity configuration such as the one shown in Fig. 1 , in which the length of the active region l 1 is much shorter than the total cavity length l 1 þ l 2 . We analyze both a sinusoidal and a Gaussian pulse train modulation of gain in an entire active QCL chip. It can be achieved by combining a radio frequency (RF) signal with a DC bias current, although optical modulation is also possible. 13 Parasitic circuit elements can limit the high frequency response to direct modulation, yet these effects do not represent a fundamental dynamic limitation and can be mitigated using proper design and techniques developed for semiconductor lasers. Our analysis is based on the Maxwell-Bloch equations; details of the derivation can be found in Refs. 3 and 4. Although there are several commonly used approximations applied to simplify these equations for specific problems, e.g., the rate equation approximation, we are considering the dynamical behavior of the laser under the conditions of a strong nonlinearity, large modulation amplitude, high power, and ultrafast operation, for which we retain the full dynamics of the population and polarization. The complexity and nonlinearity of the equations require numerical methods for their solution. Although we expect unidirectional lasing in most cases, we include the population grating and both directions for the counterpropagating waves. This is necessary since it has been observed that the facet reflections, even after applying an anti-reflective coating, can induce a complex bi-directional switching behavior at critical gains and modulation frequencies, see Ref. 12 .
Although more complex models of electron transport in QCLs do exist, combining them with a full spatio-temporal nonlinear dynamics of the field and polarization is beyond the current analysis and greatly complicates the model. The Maxwell-Bloch equations correctly capture the laser dynamics and reproduce the nature of the resonant nonlinearity of the gain medium, which is most important for the problem at hand.
After making a usual approximation of slowly varying amplitudes, the Maxwell-Bloch equations take the following form:
The electric field is normalized by the Rabi frequency, while the other variables are normalized accordingly
where the common normalization factor is H ¼ Nd 2 k 0 = ð h 0 n 2 Þ. The variablesẼ, g,D 0 ,D 2 , andk correspond to the electric field envelope, amplitude of the off-diagonal element of the density matrix, population difference, population grating, and population pumping rate, respectively. Here, N is the volume density of electrons, d is the dipole moment, k 0 is the free space wavelength, 0 is the free space permittivity, k 0 ¼ 2pn=k 0 , and n ¼ 3:3 is the effective refractive index of the active chip. The subscripts þ and À stand for the two directions of the traveling waves: clockwise and counterclockwise. The pumping rate kðtÞ is time dependent and assumed to be directly proportional to the injection current. We will normalize it to its value at threshold for unidirectional lasing:
We will call g(t) the gain or small-signal gain.
The factors R þ;À account for the total losses (transmission through the facet, beam splitting, coupling efficiency, etc.) during the round trip for the field in a given direction from one facet to another. The boundary conditions for the fields are given by
where the coordinate z along the cavity is counted clockwise from the right-hand facet of the gain medium. Multiple reflections are neglected. The last factor C is a spontaneous noise term. It is assumed to be delta-correlated and have a magnitude of 10 À4 in normalized units of Eq. (2). Its magnitude is not important as long as it is small. We take R À ¼ :48 and R þ ¼ :5, to account for possible asymmetries in the cavity that favor the unidirectional lasing behavior, which is consistent with the experimental results in Ref. 12 . The remaining parameters and their values used during the simulations are described in Table I First, we analyze the situation in which the gain is modulated with a periodic train of Gaussian pulses of the following form:
Here, m is an arbitrary integer, which accounts for the periodicity of the signal, T p is the period of the pulse train, and s p is the pulse full width at half maximum (FWHM). Gaussian pulses provide more flexibility than the sinusoidal modulation, since there are two control parameters: the period and the pulse duration. Pulse formation in ring-cavity QCLs modulated with Gaussian pump pulses is illustrated in Fig. 2 .
Results are shown for the E þ mode that has lower loss and higher amplitude. The effect of gain modulation using short Gaussian pulses of variable duration is presented in Fig. 2(a) . The gain is modulated with the periodicity equal to the roundtrip time, T p ¼ T ¼ l 2 =c þ nl 1 =c, and with a fixed value of the pump pulse amplitude: g max ¼ 1:3, while s p is varied. The simulations are run long enough to allow the output pulses to reach a steady state. The output pulses have the peak field amplitudes slightly higher than but comparable to the output field for a continuous wave (CW) operation of the same laser pumped with a constant rate at the peak level g CW ¼ g max . An accumulation of the pulse energy beyond this limit is prevented by a fast gain relaxation. The output intensity begins to drop when the pump pulse becomes shorter than the time, it takes the light to cross the active medium, which is nl 1 =c $ 10 ps for l 1 ¼ 1 mm. In this case, a circulating laser pulse experiences a lower net gain. In practice, generating the pump pulses of duration shorter than $50 ps is a challenge. An increase in the gain amplitude for a given pump pulse duration results in the output pulses of higher intensity and longer duration, as shown in Fig. 2(b) ; it does not destroy stable single-pulse operation, as opposed to active mode locking in monolithic Fabry-Perot lasers. 2 We also ran simulations for longer relaxation times T 1;2 (to be published elsewhere) and observed that the pulses got asymmetric and distorted earlier (i.e., at lower field intensities) due to an increased inertia of the gain medium.
The spectrum of the laser under Gaussian modulation and under the conditions of Fig. 2(a) is presented in Fig.  2(c) . There are approximately 2000 modes and the spectral width Df $ 6 Â 10 11 Hz. We also calculated the modal phases using the Fast Fourier Transform of the electric field. The modes are phase-locked and have a linear phase relation. The phase relation is stable for a given current, but its slope changes depending on the gain amplitude and pump pulse duration, which can be also inferred from the change of the shape of the pulses in time domain. For long pump pulses, it becomes piecewise linear. The detailed study will be published elsewhere.
If the gain pulse half-width, s p is maintained fixed, while changing the modulation period T p , the resulting pulses have a higher repetition rate. The total spectral width remains the same, but only one of every M modes is excited, where the value of integer M ¼ T=T p can be controlled. The harmonic spectrum under such modulation is presented in Fig. 2(d) .
Note that M has to be integer, otherwise the laser intensity drops to the level of noise.
Next consider the response to a sinusoidal gain modulation with a DC offset component
Small-amplitude modulation with g 0 ¼ 1:3 and g s ¼ 0:1 shows a 3 dB cutoff frequency of f c % 20 GHz, which is consistent with the results from Refs. 14 and 15 and can be verified analytically. For a deep sinusoidal modulation, we use g 0 ¼ 0:8 and g s ¼ 0:65, while changing the modulation period T p . The laser demonstrates pulsed operation and the pulse duration monotonically decreases with decreasing T p . In order to obtain pulse duration in a few ps range, T p has to be much shorter than the round-trip time T, as shown in Fig.  3 . This results in harmonic mode locking with the spectra similar to those shown in Fig. 2(d modulation frequency above 25 GHz is a challenge. Besides, sinusoidal modulation requires a higher pumping power than the modulation with Gaussian pulses.
In conclusion, we show that gain modulation of external ring cavity QCLs at the round-trip frequency or its multiples should result in a robust active mode locking of a large number of longitudinal cavity modes, picosecond pulse generation, and phase-locked frequency combs in the mid-infrared. The maximum pulse peak power is reached when the pulse experiences amplification along its entire transit in the gain medium. For this to happen, the time during which the gain is above threshold ($s p in our simulation) has to be longer than the pulse transit time in the gain medium s t ¼ nl 1 =c. For s p < s t , shorter optical pulses are obtained at the expense of the peak power. To obtain shorter output pulses, while still maintaining a maximum peak power, one needs to decrease both s t and s p , while keeping s p $ s t . In practice, their duration will be limited by the technical difficulty of synthesizing a very short current pulse. The proposed scheme can be modified by adding a nonlinear loss element in the external cavity to help shaping the optical pulse. In this way, a less technically demanding RF pulse synthesis would be required.
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